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Abstract. This paper proposes a high-order 2D finite element model for the progressive damage 
model of composite structures. The model is based on Carrera Unified Formulation (CUF), which 
allows to automatically implement different kinematics by using an opportune recursive notation. 
A Newton-Raphson algorithm and the explicit integration scheme is used to find the converged 
solution. A single element and an open-hole specimen under tensile and compression loads are 
investigated using a damage model based on Hashin and Puck failure criteria. The proposed model 
is compared with literature and ABAQUS continuum shell results.  
Introduction 
In recent decades, advanced fiber-reinforced composites have significantly integrated into various 
high-performance applications, including the aerospace, automotive, and maritime sectors. 
Nevertheless, composite materials are not immune from degradation, damage and nonlinear 
behavior. There are numerical tools for modeling progressive failure of composite across scales 
through development of computationally-efficient advanced structural models, as  
micromechanical progressive failure analysis [1]. 

Computational damage models for composite structures can be broadly categorized into two 
main approaches. The first approach, known as discrete modeling, entails the explicit geometrical 
representation of cracks within the structure, but it comes with significantly heightened 
computational demands. A different approach to discrete damage modeling involves continuum 
damage mechanics (CDM), which preserves the continuity of the displacement field within the 
finite element mesh [2] showing low computational cost. The fracture energy is used to mitigate a 
strong mesh dependency. A purely continuum damage approach is described in Ref. [3], focusing 
on intralaminar damage within the ply, which is characterized using the Composite Damage 
(CODAM) model. In particular, it is used the second-generation damage model, CODAM2 which 
is a strain-based damage formulation [4].  

This paper consider a new damage model based on Hashin 3D failure criteria and Puck’s failure 
criteria for matrix compression [6]. The model is compared with CODAM2 implemented by 
Nagaraj et al. [5], which is based on Hashin 2D failure criteria. The structural modelling is built in 
the framework of the Carrera Unified Formulation (CUF) [7] which allows employing higher-
order structural theories to develop refined 1D and 2D models where the kinematic field is enriched 
via the use of cross-section and thickness expansion functions, respectively. This approach reduces 
the computation cost compared with standard solid elements FE analyses. The explicit integration 
scheme is used to find the converged solution.  
Failure criteria and damage model  
The CODAM2 material model implemented in the CUF framework has been previously explained 
in Ref. [5, 8], which consider Hashin 2D quadratic failure criterion for fiber and matrix 
tensile/compression. In this paper, instead, three-dimensional Hashin criteria are implemented for 
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matrix, fiber tensile and fiber compression. For matrix compression Puck criterion was considered. 
In Fig. 1, failure criteria implemented in this paper are shown  
 

 
 

Figure 1. Hashin 3D failure criteria for tensile/compression fiber and tensile matrix. Puck 
failure criterion for compression matrix. 

where 𝑋𝑋𝑇𝑇,  𝑋𝑋𝑐𝑐,  𝑌𝑌𝑇𝑇, 𝑌𝑌𝑐𝑐 are the fiber and matrix tensile/compression, respectively; all parameters in 
Puck’s criterion ca be found in [9]. The equivalent strain measures for tensile/compression in the 
longitudinal and transverse directions are defined as  
 
   𝛿𝛿𝑒𝑒𝑒𝑒

𝑓𝑓𝑓𝑓 = 𝑙𝑙𝑐𝑐�⟨𝜀𝜀11⟩2 + 𝜀𝜀122 + 𝜀𝜀132 ,           𝛿𝛿𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚 = 𝑙𝑙𝑐𝑐�⟨𝜀𝜀22⟩2 + ⟨𝜀𝜀33⟩2 + 𝜀𝜀122 + 𝜀𝜀232 + 𝜀𝜀132                         (1) 
 
   𝛿𝛿𝑒𝑒𝑒𝑒

𝑓𝑓𝑓𝑓 = 𝑙𝑙𝑐𝑐⟨−𝜀𝜀11⟩,          𝛿𝛿𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚 = 𝑙𝑙𝑐𝑐�⟨−𝜀𝜀22⟩2 + ⟨−𝜀𝜀33⟩2 + 𝜀𝜀122 + 𝜀𝜀232 + 𝜀𝜀132                                         (2) 
 
The corresponding equivalent stress measures are given by 
 
   𝜎𝜎𝑒𝑒𝑒𝑒

𝑓𝑓𝑓𝑓 = 𝑙𝑙𝑐𝑐(⟨𝜎𝜎11⟩⟨𝜀𝜀11⟩+𝜎𝜎12𝜀𝜀12+𝜎𝜎13𝜀𝜀13)

𝛿𝛿𝑒𝑒𝑒𝑒
𝑓𝑓𝑓𝑓 ,     𝜎𝜎𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚 = 𝑙𝑙𝑐𝑐(⟨𝜎𝜎22⟩⟨𝜀𝜀22⟩+⟨𝜎𝜎33⟩⟨𝜀𝜀33⟩+𝜎𝜎12𝜀𝜀12+𝜎𝜎23𝜀𝜀23+𝜎𝜎13𝜀𝜀13)

𝛿𝛿𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚                   (3) 

 
   𝜎𝜎𝑒𝑒𝑒𝑒

𝑓𝑓𝑓𝑓 = 𝑙𝑙𝑐𝑐⟨−𝜎𝜎11⟩⟨−𝜀𝜀11⟩

𝛿𝛿𝑒𝑒𝑒𝑒
𝑓𝑓𝑓𝑓 ,          𝜎𝜎𝑒𝑒𝑒𝑒𝑚𝑚𝑐𝑐 = 𝑙𝑙𝑐𝑐(⟨−𝜎𝜎22⟩⟨−𝜀𝜀22⟩+⟨−𝜎𝜎33⟩⟨−𝜀𝜀33⟩+𝜎𝜎12𝜀𝜀12+𝜎𝜎23𝜀𝜀23+𝜎𝜎13𝜀𝜀13)

𝛿𝛿𝑒𝑒𝑒𝑒𝑚𝑚𝑐𝑐                          (4) 

 
The damage d  in the post-peak branch is defined as 
 
    𝑑𝑑 = 𝛿𝛿𝑒𝑒𝑒𝑒𝑢𝑢 �𝛿𝛿𝑒𝑒𝑒𝑒−𝛿𝛿𝑒𝑒𝑒𝑒0 �

𝛿𝛿𝑒𝑒𝑒𝑒�𝛿𝛿𝑒𝑒𝑒𝑒𝑢𝑢 −𝛿𝛿𝑒𝑒𝑒𝑒0 �
                                                                                                                         (5) 

 
where 𝛿𝛿𝑒𝑒𝑒𝑒 = 𝑙𝑙𝑐𝑐𝜀𝜀𝑒𝑒𝑒𝑒 is the equivalent displacement and 𝛿𝛿𝑒𝑒𝑒𝑒𝑢𝑢 = 2𝐺𝐺α

σ𝑒𝑒𝑒𝑒
 is the equivalent displacement 

when the damage 𝑑𝑑=1; lc  is the characteristic length and it corresponds to the cubic root of Gauss 
point volume. It is possible to compute the secant stiffness matrix in the damaged state as 
 

   𝐶𝐶𝑑𝑑 = 1
𝛥𝛥

⎣
⎢
⎢
⎢
⎢
⎡
𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 0 0 0
𝐶𝐶21 𝐶𝐶22 𝐶𝐶23 0 0 0
𝐶𝐶31 𝐶𝐶32 𝐶𝐶33 0 0 0
0 0 0 𝐶𝐶44 0 0
0 0 0 0 𝐶𝐶55 0
0 0 0 0 0 𝐶𝐶66⎦

⎥
⎥
⎥
⎥
⎤

                                                                                (6)   

 
More detailed description of secant stiffness matrix in the damage state can be found in [8]. 
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2D Carrera Unified formulation 
CUF allows writing the equations of any refined theory 1D, 2D, or 3D in terms of a few 
fundamental nuclei FNs. The three-dimensional displacement field 𝒖𝒖(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) can be expressed as 
a product between a 2D in-plane shape function 𝑁𝑁𝑖𝑖(𝑥𝑥,𝑦𝑦) of order p and 1D expansion function 
𝐹𝐹𝜏𝜏(𝑧𝑧): 
 
   𝒖𝒖(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝑁𝑁𝑖𝑖(𝑥𝑥,𝑦𝑦)𝐹𝐹𝜏𝜏(𝑧𝑧)𝒖𝒖𝜏𝜏𝜏𝜏                 𝜏𝜏 = 1, … ,𝑀𝑀        𝑖𝑖 = 1, … ,𝑝𝑝 + 1                                  (7)                            
 
More detailed of 2D plate modelling in CUF can be found in Ref. [10]. The linear strain-
displacement relation is then expressed as 𝜺𝜺 = 𝑩𝑩𝒖𝒖, where 𝑩𝑩  is the differential operator. The 
constitutive relation is given by 𝝈𝝈 = 𝑪𝑪𝑠𝑠𝑠𝑠𝑠𝑠, where 𝑪𝑪𝑠𝑠𝑠𝑠𝑠𝑠 is obtained from damage model described 
in the previous section. 
Numerical results 
In this section, two cases of numerical assessments are shown. The material system used is 
IM7/8552 carbon fiber reinforced polymer (CFRP) with ply thickness of 0.125 mm, Table 1.   
 

Table 1. Material properties of the IM7/8552 carbon fiber reinforced polymer. 

 
 

 
Figure 2. Stress-strain response of the single element under tensile loading with fiber orientation 
of 0°, 90° and [90/45/0/-45]2s , respectively. Comparison with ABAQUS response, CODAM2 Ref. 

[5] and LS-DYNA Ref. [11]. 

The first case refers to a single of size 1 𝑚𝑚𝑚𝑚 × 1 𝑚𝑚𝑚𝑚 with under uni-axial strain conditions 
both for tensile and compression loading. Three tests are considered referring to loading in the 
longitudinal direction (along the fiber 0°), in the transverse direction (perpendicular to the fiber 
90°) and considering a quasi-isotropic [90/45/0/-45]2s laminate. The in-plane discretization 
consists of one Q4 element and each ply thickness is modeled via a single linear (LE1) Lagrange 
polynomial. In Fig. 2, the stress-strain response of the single element under tensile loading with 
fiber orientation of 0°, 90° and [90/45/0/-45]2s laminate, respectively. The response is obtained by 
Hashin-Puck damage model correlates well with numerical reference CODAM2 [5], LS-DYNA 
[11] and ABAQUS model. Similarly, the stress-strain response of the single element under 
compressive loading is shown in Fig. 3, compared to ABAQUS, CODAM2 [8] and LS-DYNA 
[11] response.  
 

Fibre (0°) Matrix (90°)
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Figure 3. Stress-strain response of the single element under compression loading with fiber 

orientation of 0°, 90° and [90/45/0/-45]2s , respectively. Comparison with ABAQUS response, 
CODAM2 Ref. and LS-DYNA Ref [5]. 

The next numerical assessment refers to an open-hole [45/90/-45/0]2s laminates of size 
32 𝑚𝑚𝑚𝑚 × 32 𝑚𝑚𝑚𝑚 subjected to compressive loads. In Fig. 4, the predictive failure strength 
computed with Hashin-Puck damage model and compared with ABAQUS, CODAM2 [8] and 
experiment [12] results. 
 

 
Figure 4. Comparison of failure strength of the open-hole [45/90/-45/0]2s specimen compared 

with  experiment [12], CODAM2 [8] and ABAQUS results. 
Conclusions 
The current work presents the development of damage model based on Hashin 3D failure criteria 
and Puck’s failure criteria for matrix compression using higher-order structural theories based on 
CUF. Three assessments are shown refers to a single elements, under tensile and compressive 
loading, and an open-hole specimen under compressive loading. The predictions of the proposed 
framework were in good general agreement with reference numerical and experimental results. 
The validation of this damage model highlights the advantages of CUF in computational costs. 
Future investigations include extending the present work to more complex structural problems. 
Other future works include modeling progressive failure of composite across scales through 
development of computationally-efficient advanced structural models, as  micromechanical 
progressive failure analysis. 
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