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Abstract. An in-house Navier-Stokes multiphase VOF (Volume-Of-Fluid) solver is used to study 
sloshing phenomena in a partially filled rectangular tank subjected to vertical sinusoidal excitation. 
The flow dynamics is found to be significantly affected by vertical acceleration and forcing 
frequency. Specifically, when the acceleration is strong and the excitation frequency is low, the 
flow exhibits a more chaotic and three-dimensional nature. Consequently, certain properties such 
as the energy dissipation and the mixing efficiency of the system are poorly predicted by two-
dimensional simulations in that range of parameters, making more expensive three-dimensional 
simulations necessary. The time history of the sloshing force and instantaneous flow visualizations 
are used to analyze the effects of liquid impacting on the walls on energy exchanges between the 
fluid and the tank. Finally, the evolution of mixing efficiency and its influence on the energy losses 
are discussed. 
Introduction 
The term sloshing generally refers to motion of free liquid inside a partially filled container, 
resulting from any form of disturbance or imparted excitation. Depending on the type of 
disturbance and container shape, the liquid free surface can experience various types of motion. 
Vertical sloshing is a typical phenomenon for fluid stowed in aircraft tanks. The recent studies of 
Saltari et al. [1] showed that this type of sloshing yields substantial increase of the overall structural 
damping, hence its accurate prediction could make it possible to design less conservative aircraft 
configurations, thus enabling lighter structures.  

Whereas lateral and rotational sloshing have been popular research topics for scientists and 
engineers [2], the literature concerning vertical motion is comparatively scarcer, probably because 
much less amenable to analytical treatment. Some insight can however be gained from experiments 
and numerical simulations [1,2,3,4] and with nonlinear reduced-order model [5, 6,7,8].  

Numerical studies were initially based on potential flow models, which however require ad-hoc 
corrections to correctly predict energy dissipation caused by viscous effects [9]. Navier-Stokes 
simulations have only become available in recent times [10]. Canonical models for interface 
tracking based on the Volume-Of-Fluid (VOF) [11] or the Level-Set method [12] are 
computationally quite expensive, hence, sloshing usually has been studied with either the Particle 
Finite Element Method [13] and the Material Point Method [14]. A powerful alternative resides in 
the Smoothed Particle Hydrodynamics (SPH) approach [4,15], which is a fully Lagrangian method 
particularly suitable for solving fluid problems in the presence of large deformation of the free 
surface. However, it has been reported that in phenomena such as high fragmentation and violent 
free surface impacts, the predictive power of SPH is significantly reduced [16].  

In this study, a high-fidelity Navier-Stokes solver based on the VOF method is used to examine 
liquid sloshing inside a rectangular tank set into vertical harmonic motion, with particular focus 
on the sloshing-induced dissipation. The equations are solved by using an energy-preserving 
numerical algorithm, without resorting to any turbulence model. The main reference is the recent 
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comprehensive experimental study of Saltari et al. [1], covering a wide range of excitation 
frequencies and acceleration amplitudes. Numerical simulations are used to get additional insight 
into the sloshing dynamics, especially in terms of three-dimensional effects and water/air mixing 
efficiency. In the experimental works mentioned above, the main attention is generally given to 
the flow dynamics and the resulting energy exchange between fluid and structure, but the mixing 
process is hardly discussed. The color function in the VOF method is here exploited to analyze the 
volume fractions of the two fluids across the tank, and to quantify the overall mixing efficiency. 
In addition, the color function allows to precisely track the position of the fluids interface, thus 
allowing detailed flow visualizations of the three-dimensional sloshing dynamics, even in highly 
chaotic configurations. 
Numerical formulation 
The two-phase flow of air and water taking place during the sloshing event is numerically 
simulated using an incompressible gas/liquid Navier-Stokes solver. The fluids are assumed to be 
immiscible, and the interface is implicitly tracked by means of an indicator function. The relevant 
governing equations are as follows 

∇ ⋅ 𝐮𝐮 =  0 ,            (1) 

∂𝒖𝒖
∂𝑡𝑡

+ ∇ ⋅ (𝒖𝒖𝒖𝒖) = 1
ρ

[−∇𝑝𝑝 + ∇ ⋅ 𝚺𝚺 + 𝐟𝐟𝛔𝛔] + �−g + a(t)�𝐤𝐤  ,   (2) 

where 𝐮𝐮 = 𝐮𝐮 (𝐱𝐱, 𝑡𝑡) is the fluid velocity, 𝑝𝑝 = 𝑝𝑝 (𝐱𝐱, 𝑡𝑡) is the pressure, 𝜌𝜌 = 𝜌𝜌 (𝐱𝐱, 𝑡𝑡) is the density, 𝚺𝚺 =
2μ𝑺𝑺 is the viscous stress tensor, where 𝜇𝜇 = 𝜇𝜇 (𝐱𝐱, 𝑡𝑡) is the dynamic viscosity and 𝑺𝑺 = (∇𝒖𝒖 + ∇𝒖𝒖𝑇𝑇) 
is the rate of strain or deformation tensor, 𝑎𝑎(𝑡𝑡) is the acceleration imposed to the tank, 𝑔𝑔 is the 
gravity acceleration and 𝐤𝐤 is the unit vector oriented upwards. Although surface tension only acts 
at the interface, its effects are modelled as a distributed volumetric force 𝐟𝐟𝛔𝛔 = 𝐟𝐟𝛔𝛔(𝐱𝐱, t), with: 

𝐟𝐟σ = 𝜎𝜎𝜎𝜎𝜎𝜎(𝒙𝒙 − 𝒙𝒙𝒔𝒔)𝒏𝒏 ,                 (3) 

where 𝜎𝜎 is the surface tension coefficient, 𝜅𝜅 is the local curvature of the interface between the two 
fluids, 𝐧𝐧 is the unit normal to the interface, and 𝛿𝛿 is the Dirac function concentrated at the interface 
points 𝒙𝒙𝒔𝒔 [17]. The Navier-Stokes equations are solved with a classical projection method [18]. 
Time integration is carried out by means of the Adams-Bashforth explicit scheme for the 
convective terms and for the off-diagonal part of the viscous terms, and the Crank-Nicolson 
scheme for the diagonal diffusion terms. The advection of the material interface is carried out by 
means of an algebraic VOF method. The numerical scheme for the advection is based on a total 
variation diminishing (TVD) discretization with flux limiter tailored for effective representation 
of binary functions [19].  

Let 𝜒𝜒 be a passive tracer advected by a continuous divergence-free velocity field 𝐮𝐮, it shall 
satisfy the scalar advection equation 

∂χ
∂t

+ ∇ ⋅ (χ𝐮𝐮) = 0 ,                        (4) 

For the case of two immiscible fluids under scrutiny 𝜒𝜒 is in principle either 1 or 0. In the VOF 
method a color function 𝐶𝐶 is introduced to approximate the cell average of 𝜒𝜒, which in the 
illustrative case of one space dimension is defined as 

 

Ci = 1
Δxi

∫ χ(x, tn)dxxi+1/2
xi−1/2

 ,                    (5) 
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where Δ𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖+1/2 − 𝑥𝑥𝑖𝑖−1/2 is the cell size, while 𝑡𝑡𝑛𝑛 is the 𝑛𝑛-th discrete time step. Equation (4) 
is then discretized in time yielding 
 

𝐶𝐶𝑖𝑖
𝑛𝑛+12 = 𝐶𝐶𝑖𝑖

𝑛𝑛 − 12 − 1
Δ𝑥𝑥𝑖𝑖

�𝑓𝑓𝑖𝑖+12
− 𝑓𝑓𝑖𝑖 − 12

� ,                                  (6) 

where the numerical flux 𝑓𝑓𝑖𝑖+1/2 is an approximation for 𝜒𝜒 transported through the cell interface 
x𝑖𝑖+1/2 during the time interval (𝑡𝑡𝑛𝑛−1/2, 𝑡𝑡𝑛𝑛+1/2 ). Details of the algorithm are provided in the 
original reference [20]. After computing the color function 𝐶𝐶, density and viscosity are determined 
by ρ = 𝐶̃𝐶ρ1 + �1 − 𝐶̃𝐶�ρ2 and μ = 𝐶̃𝐶μ1 + �1 − 𝐶̃𝐶�μ2, where 𝐶̃𝐶 is a smoothed version of the color 
function, evaluated by averaging C over twenty-seven neighboring cells [20], the subscript 1 is 
used to denote water properties, while the subscript 2 is used for air. 

The momentum equations are discretized in the finite difference framework with a staggered 
grid layout, where the pressure, the color function and the material properties are defined at the 
cell centers, whereas the velocity components are stored at the middle of the cell faces [21]. A 
centered second-order discretization is used for the convective terms [18,21] and diffusive terms 
[17], which is generally best suitable for fully resolved flows, yielding discrete preservation of the 
total kinetic energy in the case of uniform density. The Poisson equation is discretized by a finite-
difference scheme and the resulting sparse linear system is solved by iterative methods. In 
particular, the HYPRE library [22] is found to be very efficient in massively parallel computations. 
The surface tension effects are modelled through the continuum surface force method [23], which 
is used to determine the equivalent local body force, and the interface curvature is evaluated 
through a modified version of the height function technique [20,24,25]. All details regarding the 
VOF solver can be found in [26]. 
Results and discussion 
Hereafter we report the results of numerical simulations of vertical sloshing of water in air for a 
partially filled rectangular tank subjected to vertical sinusoidal excitation (see Fig. 1). We have 
carried out many two-dimensional simulations to characterize the effects of acceleration and 
excitation frequency on the sloshing dynamics. A tank with size 𝐿𝐿 × 𝐻𝐻 =  0.1172𝑚𝑚 × 0.0272𝑚𝑚 
is considered, replicating the experimental setup of Saltari et al. [1], and covered with a uniform 
Cartesian mesh of 128 × 64 grid nodes. A limited number of three-dimensional simulations has 
also been conducted at selected conditions to verify possible limitations of two-dimensional 
simulations. The governing equations are solved in a non-inertial reference frame attached to the 
tank, with the origin placed at the middle of its base. External excitation is modeled through 
imposed harmonic acceleration added to the right-hand side of the momentum equation (2), 𝑎𝑎(𝑡𝑡) =
𝑎𝑎0𝑠𝑠𝑠𝑠𝑠𝑠(ω𝑡𝑡), with ω =  2 π𝑓𝑓. The initial filling level α =  ℎ/𝐻𝐻, expressing the quiescent fluid level 
as a fraction of the total depth of the tank, is set to α =  1/2. The densities of water and air were 
set to 998 𝐾𝐾𝐾𝐾/𝑚𝑚3 and  1.225 𝐾𝐾𝐾𝐾/𝑚𝑚3, respectively, and their dynamic viscosities to 
8.899 × 10−2 𝐾𝐾𝐾𝐾/(𝑚𝑚𝑚𝑚), 1.831 × 10−3 𝐾𝐾𝐾𝐾/(𝑚𝑚𝑚𝑚), respectively. The surface tension coefficient 
was set to 0.07199N/m. 
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Figure 1: Computational setup for numerical simulations of vertical sloshing. L and H are the 
width and height of the computational domain, respectively, ℎ is the initial level of the liquid, 

𝑎𝑎(𝑡𝑡) is the vertical acceleration in vertical sloshing, 𝑓𝑓 is the forcing frequency.  
 

(a) (b) 

 
 
Figure 2: Time history of vertical sloshing force, compared with measurements of Saltari et al. 

[1] for 𝑎𝑎0 = 1.5𝑔𝑔 and 𝑓𝑓 =  13 𝐻𝐻𝐻𝐻 (a) and detail of the sloshing force trend (b). The orange line 
and the blue line denote the numerical and experimental results, respectively. Instantaneous 
snapshots from the numerical simulation are shown at the time instants at which the sloshing 

force is minimum/maximum.  
 
The sloshing vertical force is determined as 

𝐹𝐹𝑠𝑠 = −∫ 𝑝𝑝𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝒏𝒏 ⋅ 𝒌𝒌  𝑑𝑑𝑑𝑑,                                                  (7) 

h
z
k i x

L

H



Aerospace Science and Engineering - III Aerospace PhD-Days Materials Research Forum LLC 
Materials Research Proceedings 33 (2023) 269-276  https://doi.org/10.21741/9781644902677-39 
 

 
273 

where integration is carried out over the top and bottom walls of the tank, 𝑝𝑝 is the pressure applied 
to the walls, and 𝒏𝒏 and 𝐤𝐤 are the wall-normal and vertical unit vector, respectively. 𝐹𝐹𝑠𝑠 is normalized 
with respect to the maximum of the inertial force of the liquid, namely 𝑚𝑚𝑙𝑙𝑎𝑎0, with 𝑚𝑚𝑙𝑙 the fluid 
mass. A quantitative comparison with the experiment carried out by Saltari et al. [1] is reported in 
Fig.2a, where the time history of the sloshing force over twelve forcing cycles is shown for 𝑎𝑎0 =
1.5𝑔𝑔 and 𝑓𝑓 =  13 𝐻𝐻𝐻𝐻. We can see that the phase of the sloshing force is correctly predicted and 
very good agreement between simulations and experiments is found. In Fig.2b, a detail of the 
sloshing force in the time interval 0.25𝑠𝑠 −  0.34 𝑠𝑠 is considered. Snapshots of numerical 
simulation illustrate the flow configuration at time instants at which the sloshing force has a 
(positive or negative) peak. The figure well highlights that positive peaks of the sloshing force are 
related to fluid impacting the ceiling of the tank, whereas negative peaks occur when the fluid 
retreats towards the bottom wall. This explains that a large fraction of the energy transfer between 
structure and fluid occurs during impacts, and that the primary mechanism for dissipation is 
directly associated with these fluid-structure collisions and interface fragmentation [27].  

Once the vertical forces are calculated, the average work exchanged between fluid and shaker 
can be evaluated at any instant time 𝑡𝑡𝑛𝑛 and over an arbitrary number (2𝑃𝑃) of periods 𝑇𝑇 as 

𝑊𝑊(ω,𝑎𝑎0) = 1
2𝑃𝑃 ∫ 𝐹𝐹𝑠𝑠(ω,𝑎𝑎0)𝑠̇𝑠(τ)  𝑑𝑑𝑑𝑑 ,𝑡𝑡𝑛𝑛+𝑃𝑃𝑃𝑃

𝑡𝑡𝑛𝑛−𝑃𝑃𝑃𝑃
                                                       (8) 

 
which can be expressed in nondimensional form as 𝑊𝑊 = 𝑊𝑊/(𝑚𝑚𝑙𝑙𝑠𝑠02ω2), with 𝑠𝑠0 displacement 
amplitude. The average work evaluated from numerical simulations for 𝑎𝑎0 = 1.5𝑔𝑔 and 𝑎𝑎0 = 3𝑔𝑔 
is reported in Fig.3 as a function of the forcing frequency 𝑓𝑓(𝐻𝐻𝐻𝐻). The figure shows that for 𝑎𝑎0 =
1.5𝑔𝑔 and high forcing frequency, two-dimensional numerical simulations replicate the 
experimental behavior very well, whereas at 𝑎𝑎0 = 3𝑔𝑔 and/or low forcing frequency the energy 
dissipation is largely underestimated. These findings suggest that 2D simulations may not be 
appropriate to accurately characterize the energy exchanges under high forcing acceleration, where 
the dynamics of the air/water interface is more chaotic and three-dimensional. The numerical 
results obtained from 3D simulations in fact generally show improved prediction as compared to 
the 2D simulations. In this respect, we note that the predicted energy dissipation approaches the 
experimental value as the grid resolution is improved, although convergence is clearly far from 
being achieved, for both acceleration amplitudes. In order to accurately reproduce the fluid impacts 
responsible for the exchange of energy, a much finer mesh is required especially for the case with 
𝑎𝑎0 = 3𝑔𝑔, where discrepancies with experimental data are more significant.  

Finally, the air/water mixing process in vertical sloshing is quantified by considering the 
vertical profiles of the time-averaged color function, 𝐶𝐶̅(𝑧𝑧). As previously pointed out, 𝐶𝐶 indicates 
the volumetric fraction of liquid inside a computational cell, so that 𝐶𝐶 = 1 means that the cell is 
filled with water, whereas if 𝐶𝐶 = 0 the cell is filled with air. 𝐶𝐶̅ is defined as 

𝐶𝐶̅(𝑧𝑧) = 1
2Δ𝑇𝑇 ∫ �1

𝐿𝐿 ∫ 𝐶𝐶(𝑥𝑥, 𝑧𝑧, 𝑡𝑡)𝑑𝑑𝑑𝑑𝐿𝐿/2
−𝐿𝐿/2 �  𝑑𝑑𝑑𝑑 ,𝑡𝑡𝑘𝑘+Δ𝑇𝑇

𝑡𝑡𝑘𝑘−Δ𝑇𝑇
                                                   (9) 

where the averaging interval Δ𝑇𝑇 is taken to be twenty-four forcing cycles. A global index is then 
introduced to quantify the overall mixing efficiency,  

η = 1 − 2�1
𝐻𝐻 ∫ (𝐶𝐶̅(𝑧𝑧) − 0.5)2 𝑑𝑑𝑑𝑑𝐻𝐻

0  ,                                                          (10) 
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such that η =  1 in the case of perfect mixing of water and air (𝐶𝐶̅ = 0.5), whereas 𝜂𝜂 =  0 if water 
and air were completely segregated. Figure 4 shows the profile of 𝜂𝜂 as a function of frequency for 
cases with 𝑎𝑎0 = 1.5𝑔𝑔  and 𝑎𝑎0 = 3𝑔𝑔. The figure shows that increasing the forcing frequency and 
reducing the acceleration results in less efficient mixing between fluid and air. A relatively large 
jump occurs between 𝑓𝑓 =  11 𝐻𝐻𝐻𝐻 and 𝑓𝑓 =  13 𝐻𝐻𝐻𝐻, for 𝑎𝑎0 = 1.5𝑔𝑔, which indicates the transition 
to the standing waves regime, implying a significant reduction of the mixing efficiency. It should 
also be noted that the three-dimensional simulations are in good agreement with the corresponding 
two-dimensional results for 𝑎𝑎0 = 1.5𝑔𝑔, whereas for 𝑎𝑎0 = 3𝑔𝑔, the 3D simulations suggest higher 
mixing. Higher mixing efficiency is found in cases with higher energy dissipation, i.e. lower 
frequency and higher acceleration. Such behavior confirms that energy dissipation is associated 
with fluid-structure impacts and fragmentation of the liquid-gas interface [27].   

 

 
Figure 3: normalized dissipated energy 𝑊𝑊/(𝑚𝑚𝑙𝑙𝑠𝑠02𝜔𝜔2) as a function of forcing frequency 𝑓𝑓(𝐻𝐻𝐻𝐻) 
for 𝑎𝑎0 = 1.5𝑔𝑔 and 𝑎𝑎0 = 3𝑔𝑔. The numerical results obtained from 2D and 3D simulations are 

compared with the experimental data (EXP) of Saltari et al. [1]. 3D simulations are performed 
with the three different grids: grid 𝐹𝐹 =  256 × 128 × 192, grid 𝑀𝑀 =  192 × 96 × 128, grid 

𝐶𝐶 =  128 × 64 × 96. 

 
Figure 4: Mixing parameter 𝜂𝜂 as a function of frequency, for  𝑎𝑎0 = 1.5𝑔𝑔 and 𝑎𝑎0 = 3𝑔𝑔. 

 
Conclusion 
By analyzing the trend of the vertical sloshing force, together with instantaneous snapshots from 
the numerical simulations, we concluded that positive and negative peaks of 𝐹𝐹𝑠𝑠(𝑡𝑡) correspond to 
strong liquid impacts at the top and bottom walls, which occur slightly after the inversion of the 
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tank motion. The characteristic flow dynamics are found to be significantly affected by the forcing 
parameters and to exhibit more chaotic and three-dimensional behavior in the case of strong 
accelerations and low forcing frequencies. Therefore, certain characteristics of the flow could not 
be properly reproduced by resorting only to two-dimensional simulations, and more expensive 
three-dimensional simulations have been carried out for comparison for the forcing frequency 𝑓𝑓 =
 9 𝐻𝐻𝐻𝐻. The results show significant improvement with respect to the 2D simulations, although the 
energy dissipation still exhibits some scatter. Finally, the dependence of liquid-air mixing on 
acceleration and frequency was quantified in terms of a global mixing efficiency indicator, arriving 
at the conclusion that mixing can be optimized by enhancing the acceleration amplitude and by 
reducing the excitation frequency. The numerical results have also highlighted that the increase of 
mixing corresponds to increase of the energy dissipation, suggesting that power exchanges 
between fluid and tank walls are closely related with the breaking of the liquid-gas interface and 
with fluid-wall impacts, which occur as a result of harmonic excitation. Follow-up studies might 
include deeper assessment of the mechanisms responsible for energy loss (e.g. impacts of liquid 
on the tank walls or enhanced mixing between the two phases), and assessment of the effect of 
turbulence models, here intentionally disregarded. 
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